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Non-wetting impact of a sphere onto a bath and bouncing droplets 7
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Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we
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We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.
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M

Z

AC

psdA, (2.27)
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)
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We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain
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⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by
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w3
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�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as
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w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)
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2

Re
�H⌘ + �z, z = 0, (2.20b)
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Fr
⌘ +

1

We
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2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by
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Re
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⌘t = �z + w3, z = 0, (2.15c)
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We
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2

Re
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Re
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w3
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Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies
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2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as
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Re
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Re3/2
w3
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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2

Re
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Fr
⌘ +
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We
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2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

� = Velocity Potential

⌘ = Free Surface Elevation

 = Curvature

�H = @xx + @yy

Re = V0Ro

/⌫

Fr = V

2
0 /(gRo)

We = ⇢V 2
0 Ro

/�

ps = Pressure on Free Surface

�z (r) =
1

2⇡
lim

✏!0+

Z

R2\B(r;✏)

� (r)� � (s)

|r� s|3 dA(s)

Non-wetting impact of a sphere onto a bath and bouncing droplets 5
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⇢
, z = 0. (2.13)
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by
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subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies
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2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain
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2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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subject to

�,r� ! 0 when
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

� = Velocity Potential

⌘ = Free Surface Elevation

 = Curvature

�H = @xx + @yy

Re = V0Ro

/⌫

Fr = V

2
0 /(gRo)

We = ⇢V 2
0 Ro

/�

ps = Pressure on Free Surface

�z (r) =
1

2⇡
lim

✏!0+

Z

R2\B(r;✏)

� (r)� � (s)

|r� s|3 dA(s)
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0; (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

A Non-local Formulation in Physical Space
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)
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We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies
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2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain
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2

Re
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We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
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�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)
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p
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by
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subject to
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p
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We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies
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2
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�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain
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2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

�z (r) =
1

2⇡
lim

✏!0+

Z

R2\B(r;✏)

� (r)� � (s)

|r� s|3 dA(s)

Non-wetting impact of a sphere onto a bath and bouncing droplets 5

where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0; (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
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p
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t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ = h+ zs, where r  rc;

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ < h+ z
s

, where r
c

< r < R
o

;

⌘ = h+ zs, where r  rc;

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)
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�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0; (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

Non-wetting impact of a sphere onto a bath and bouncing droplets 7

z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ < h+ z
s

, where r
c

< r < R
o

;

⌘ = h+ zs, where r  rc;

ps = 0, where r > rc;

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
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⇢
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ < h+ z
s

, where r
c

< r < R
o

;

⌘ = h+ zs, where r  rc;

ps = 0, where r > rc;

@r⌘(rc) = @rzs(rc).

⌘ ! 0
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where �H = @xx + @yy and we used w1
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y + w3
z = 0. We now combine equations
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by
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subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system
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Re
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subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

�z (r) =
1

2⇡
lim

✏!0+

Z

R2\B(r;✏)

� (r)� � (s)

|r� s|3 dA(s)
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0; (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ < h+ z
s

, where r
c

< r < R
o

;

⌘ = h+ zs, where r  rc;

ps = 0, where r > rc;

@r⌘(rc) = @rzs(rc).

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)

2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of

�z (r) =
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lim

✏!0+

Z

R2\B(r;✏)

� (r)� � (s)

|r� s|3 dA(s)
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we

htt = � 1

Fr
h�Dht +

1

M

Z

rrc

psdA

⌘ < h+ z
s

, where r
c

< r < R
o

;

⌘ = h+ zs, where r  rc;

ps = 0, where r > rc;

@r⌘(rc) = @rzs(rc).

⌘ ! 0
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where �H = @xx + @yy and we used w1
x + w2

y + w3
z = 0. We now combine equations

(2.10a), (2.9a) and (2.11c) to obtain

�t = �g⌘ +
�

⇢
 [⌘] + 2⌫�H�� 2⌫w3

z �
ps
⇢
, z = 0. (2.13)

We take ⇢ as the characteristic density, define the characteristic length L, velocity V ,
and introduce the dimensionless numbers

Fr = V 2/(gL), We = ⇢V 2L/�, and Re = LV/⌫; (2.14)

i.e. the square Froude number, Weber number and Reynolds number, respectively. Then
from equations (2.9a); (2.10b), with i = 3; (2.6f) and (2.7); (2.13); (2.12); and condition
(2.8) we obtain a closed system which is given in dimensionless form by

�� = 0, z 6 0, (2.15a)

w3
t =

1

Re
�w3, z 6 0, (2.15b)

⌘t = �z + w3, z = 0, (2.15c)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re
w3

z � ps, z = 0, (2.15d)

w3
t =

2

Re
�H

�
�z + w3

�
, z = 0, (2.15e)

subject to

�,r� ! 0 and w3 ! 0, when
p
x2 + y2 + z2 ! 1. (2.16)

We also notice that from equations (2.15c) and (2.15e) we have w3
t = 2�H(⌘t)/Re, at

z = 0. which, since the fluid is initially at rest and its free surface is undisturbed, implies

w3 =
2

Re
�H⌘, z = 0. (2.17)

We substitute equations (2.7) and (2.17) into equation (2.6f), and we obtain

⌘t = �z +
2

Re
�H⌘, z = 0. (2.18)

We also notice that equation (2.17) implies that w3 = O(Re�1) near the free surface,
and equation (2.15b) implies that the boundary layer thickness scales as Re1/2. Thus, we
re-scale equation (2.15d) more properly as

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� 2

Re3/2
w3

z � ps, z = 0. (2.19)

Finally, we recall our high Reynolds number assumption and disregard the term of highest
order in (1/Re) in equation (2.19). Combining this with equations (2.15a), (2.18), and
the condition (2.16) we obtain the dimensionless system

�� = 0, z 6 0, (2.20a)

⌘t =
2

Re
�H⌘ + �z, z = 0, (2.20b)

�t = � 1

Fr
⌘ +

1

We
 [⌘] +

2

Re
�H�� ps, z = 0, (2.20c)

subject to

�,r� ! 0 when
p
x2 + y2 + z2 ! 1. (2.21)
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2.1.1. Reducing the Fluid System to the Boundary

We notice that equations (2.20b) and (2.20c) require the evaluation of function � and
�z only on the boundary plane z = 0. �z is the normal derivative at the boundary, of
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z  (r)s Sc

Ac r c 
h(t)

Figure 1. Schematics of an axial section of the hydrophobic impact of a solid sphere onto a free
fluid surface. The unpressed free surface is shown in the dashed light grey line, the contacted
portion of the fluid interface S

C

is shown in dark grey. The dashed line sits on the level of the
undisturbed free surface (z = 0), and its length corresponds to the diameter of A

C

(i.e. 2r
c

),
the normal projection of the contacted spherical cap S

C

on the horizontal plane.

We write equation (2.26) for h and in dimensionless form and obtain

htt = � 1

Fr
�Dht +

1

M

Z

AC

psdA, (2.27)

where D = cfL/(mV 2) and M = m/⇢L3.
We assume that the bottom part of the solid body is described by a function zs, with

smooth curvature in the vicinity of the impacting region. We recall that the problem is
axisymmetric, and thus we define a radial coordinate system given by r =

p
x2 + y2 .

Since functions of (x, y) are simply functions of r, the main constraint for the fluid-solid
interaction can then be stated as

⌘(r, t) 6 h(t) + zs(r), (2.28)

which must hold everywhere under the solid, and where we assume zs(0) = 0.
We impose a second natural constraint, namely that the contact angle, at the boundary

of the pressed surface SC (see figure 1), has to be ⇡. This assumption is equivalent to
stating that the e↵ect of surface tension at the boundary of SC is exactly equal to the
e↵ect of the jump in pressure due to the curvature of SC . This can be seen using the
method presented in Keller (1998), with the di↵erence that integrations in this case need
to be carried out in the contact area and not outside of it.

We ignore the dynamics of air and thus identify AC as the region of the z = 0 plane
where relation (2.28) is satisfied as an equality. In practice, this means that there will
be no distinction between the pressed part of the free surface and that of the solid.
Figure 1 might induce the reader to think that there in fact exists a di↵erence in height
between the two contacted surface portions, however this is not the case in the model.
The separation shown in figure 1 serves merely didactic purposes.

We thus wish to solve equations (2.24) and (2.27) subject to conditions (2.25) and
(2.28). Based on our symmetry and convexity assumptions, we have that AC must be
a disc. An important particularity of the system given by (2.24) and (2.27) is that we
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<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>



Numerical Implementation

Superindex 

Superindex 

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

k0
<latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit>

we kept the first      columns k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>



Numerical Implementation

Superindex 

Superindex 

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

k0
<latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit>

we kept the first      columns k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

we kept all but the first      columns k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
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Numerical Implementation

Superindex k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>



Numerical Implementation

Superindex k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

we kept the first      columns k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>



Numerical Implementation

Superindex 

Superindex 

k
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<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

we kept all but the first      columns k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
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Experiment



Experiment Simulation



Experiment Simulation

Experiment by Dan Harris (Brown)



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush
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Video: Dan Harris & John Bush



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

Each bounce triggers new waves



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

Each bounce triggers new waves

Waves determine following bounces



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

This is a non-linear, non-smooth dynamical system



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>

This is a non-linear, non-smooth dynamical system



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

� ⇡ 5mm
<latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit>

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>

This is a non-linear, non-smooth dynamical system



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

Vz ⇡ 10 cm/s
<latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit>

� ⇡ 5mm
<latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit>

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>

This is a non-linear, non-smooth dynamical system



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

Vz ⇡ 10 cm/s
<latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit>

� ⇡ 5mm
<latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit>

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>

This is a non-linear, non-smooth dynamical system



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

f = 40Hz
<latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit><latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit><latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit><latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit>

Vz ⇡ 10 cm/s
<latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit>

� ⇡ 5mm
<latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit>

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>

This is a non-linear, non-smooth dynamical system



Droplets on a Shaking Free Surface

Video: Dan Harris & John Bush

f = 40Hz
<latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit><latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit><latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit><latexit sha1_base64="UIilhkjZC7sa4vCtOTN2h3JZN+c=">AAAB+nicdVDJSgNBEO1xN25Rj14ag+BBhh4JmeQgiF48RjALZIbQ0+nRxp6F7ho1jvkULx4U8eqXePNv7CwEFX1Q8Hiviqp6QSqFBkI+rZnZufmFxaXlwsrq2vpGcXOrqZNMMd5giUxUO6CaSxHzBgiQvJ0qTqNA8lZwfTr0WzdcaZHEF9BPuR/Ry1iEglEwUre4GeIjXCbegQf8DvKz+0G3WCK265JqpYodm4yAiV1zK+VqbaqU0AT1bvHD6yUsi3gMTFKtOw5Jwc+pAsEkHxS8TPOUsmt6yTuGxjTi2s9Hpw/wnlF6OEyUqRjwSP0+kdNI634UmM6IwpX+7Q3Fv7xOBmHVz0WcZsBjNl4UZhJDgoc54J5QnIHsG0KZEuZWzK6oogxMWgUTwvT3/0nz0HaI7ZyXS8cnkziW0A7aRfvIQS46RmeojhqIoVv0iJ7Ri/VgPVmv1tu4dcaazGyjH7DevwAnR5NP</latexit>

Vz ⇡ 10 cm/s
<latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit>

A ⇡ 10µm
<latexit sha1_base64="0bTOfiL8ter9fFClMp3Ik+J9JeM=">AAACAnicdVBNSwMxEM36bf2qehIvwSJ4kCUrxW5vVS8eFawWukvJpmkbmuwuyaxYluLFv+LFgyJe/RXe/DemtYiKPhh4vDfDzLwolcIAIe/O1PTM7Nz8wmJhaXllda24vnFpkkwzXmeJTHQjooZLEfM6CJC8kWpOVST5VdQ/GflX11wbkcQXMEh5qGg3Fh3BKFipVdw6wgFNU53cYI8E+4HKAuA3kKthq1gibqVC/EMfey4ZAxO3Wjks+9UvpYQmOGsV34J2wjLFY2CSGtP0SAphTjUIJvmwEGSGp5T1aZc3LY2p4ibMxy8M8a5V2riTaFsx4LH6fSKnypiBimynotAzv72R+JfXzKDjh7mI0wx4zD4XdTKJIcGjPHBbaM5ADiyhTAt7K2Y9qikDm1rBhvD1+//k8sD1iOudl0u140kcC2gb7aA95KEKqqFTdIbqiKFbdI8e0ZNz5zw4z87LZ+uUM5nZRD/gvH4A1NWXGQ==</latexit><latexit sha1_base64="0bTOfiL8ter9fFClMp3Ik+J9JeM=">AAACAnicdVBNSwMxEM36bf2qehIvwSJ4kCUrxW5vVS8eFawWukvJpmkbmuwuyaxYluLFv+LFgyJe/RXe/DemtYiKPhh4vDfDzLwolcIAIe/O1PTM7Nz8wmJhaXllda24vnFpkkwzXmeJTHQjooZLEfM6CJC8kWpOVST5VdQ/GflX11wbkcQXMEh5qGg3Fh3BKFipVdw6wgFNU53cYI8E+4HKAuA3kKthq1gibqVC/EMfey4ZAxO3Wjks+9UvpYQmOGsV34J2wjLFY2CSGtP0SAphTjUIJvmwEGSGp5T1aZc3LY2p4ibMxy8M8a5V2riTaFsx4LH6fSKnypiBimynotAzv72R+JfXzKDjh7mI0wx4zD4XdTKJIcGjPHBbaM5ADiyhTAt7K2Y9qikDm1rBhvD1+//k8sD1iOudl0u140kcC2gb7aA95KEKqqFTdIbqiKFbdI8e0ZNz5zw4z87LZ+uUM5nZRD/gvH4A1NWXGQ==</latexit><latexit sha1_base64="0bTOfiL8ter9fFClMp3Ik+J9JeM=">AAACAnicdVBNSwMxEM36bf2qehIvwSJ4kCUrxW5vVS8eFawWukvJpmkbmuwuyaxYluLFv+LFgyJe/RXe/DemtYiKPhh4vDfDzLwolcIAIe/O1PTM7Nz8wmJhaXllda24vnFpkkwzXmeJTHQjooZLEfM6CJC8kWpOVST5VdQ/GflX11wbkcQXMEh5qGg3Fh3BKFipVdw6wgFNU53cYI8E+4HKAuA3kKthq1gibqVC/EMfey4ZAxO3Wjks+9UvpYQmOGsV34J2wjLFY2CSGtP0SAphTjUIJvmwEGSGp5T1aZc3LY2p4ibMxy8M8a5V2riTaFsx4LH6fSKnypiBimynotAzv72R+JfXzKDjh7mI0wx4zD4XdTKJIcGjPHBbaM5ADiyhTAt7K2Y9qikDm1rBhvD1+//k8sD1iOudl0u140kcC2gb7aA95KEKqqFTdIbqiKFbdI8e0ZNz5zw4z87LZ+uUM5nZRD/gvH4A1NWXGQ==</latexit><latexit sha1_base64="0bTOfiL8ter9fFClMp3Ik+J9JeM=">AAACAnicdVBNSwMxEM36bf2qehIvwSJ4kCUrxW5vVS8eFawWukvJpmkbmuwuyaxYluLFv+LFgyJe/RXe/DemtYiKPhh4vDfDzLwolcIAIe/O1PTM7Nz8wmJhaXllda24vnFpkkwzXmeJTHQjooZLEfM6CJC8kWpOVST5VdQ/GflX11wbkcQXMEh5qGg3Fh3BKFipVdw6wgFNU53cYI8E+4HKAuA3kKthq1gibqVC/EMfey4ZAxO3Wjks+9UvpYQmOGsV34J2wjLFY2CSGtP0SAphTjUIJvmwEGSGp5T1aZc3LY2p4ibMxy8M8a5V2riTaFsx4LH6fSKnypiBimynotAzv72R+JfXzKDjh7mI0wx4zD4XdTKJIcGjPHBbaM5ADiyhTAt7K2Y9qikDm1rBhvD1+//k8sD1iOudl0u140kcC2gb7aA95KEKqqFTdIbqiKFbdI8e0ZNz5zw4z87LZ+uUM5nZRD/gvH4A1NWXGQ==</latexit>

� ⇡ 5mm
<latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit>

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>

This is a non-linear, non-smooth dynamical system
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We present a fully predictive model for the impact of a smooth, convex and perfectly
hydrophobic solid onto the free surface of an incompressible fluid bath of infinite
depth in a regime where surface tension is important. During impact, we impose
natural kinematic constraints along the portion of the fluid interface that is pressed
by the solid. This provides a mechanism for the generation of linear surface waves
and simultaneously yields the pressure applied on the impacting masses. The model
compares remarkably well with data of the impact of spheres and bouncing droplet
experiments, and is completely free of any of impact parametrisation.

Key words: capillary waves, drops, wave–structure interactions

1. Introduction

The study of impacts of solids onto the surface of a fluid bath is motivated by
several applications, including the impacts of sea landing planes, the behaviour of
projectiles entering water (Richardson 1948), slamming of boat hulls (Howison,
Ockendon & Oliver 2002) and bio-locomotion mechanisms for water striders (Bush
& Hu 2006). Interest in the detailed study of these phenomena was sparked by
Worthington over a hundred years ago (see Worthington 1882, 1897). Since then,
several works have dealt with cavity formation upon projectile entry, cavity pinch off
(Truscott, Epps & Belden 2014) and the forces on the solid as it penetrates the fluid
mass (Abelson 1970; Howison, Ockendon & Wilson 1991; Aristoff et al. 2010).

These impacts typically undergo three different stages, e.g. early contact, cavity
formation and steady cavitating flow (Logvinovich 1969). The initial stages of
penetration are of special importance, since their results influence the outcome of
the following phases. Moreover, the geometric properties of the solid body and the
physical properties of the fluid are determinant for the dynamics of the initial stages
of these impacts (Korobkin & Pukhnachov 1988); thus, different approaches have to
be developed accordingly.

A model for the early stages of the impact of a blunt body onto a bath of an
incompressible fluid was developed in Wagner (1932). The Wagner problem is stated
in terms of the linearised free-surface boundary conditions of an ideal fluid, subject

† Email address for correspondence: p.a.milewski@bath.ac.uk
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<latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit>

0.4mm < D < 1mm
<latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit><latexit sha1_base64="rnF/DGM1e+Oh+ruvnLwbX9hzwMU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGSh/QRVEXLivYB7SlZNK0DU1mhuSOWIZu3fgrblwo4tY/cOffmD4oVfRA4HDOPdzc44WCa3CcLyuxsrq2vpHcTG1t7+zupfcPajqIFGVVGohANTyimeA+qwIHwRqhYkR6gtW94eXEr98xpXng38IoZG1J+j7vcUrASJ00duxs66wF7B5iKce4hK9K2F1SOumMY+fzTiFXwK7tTGFCxXwuWygulAyao9JJf7a6AY0k84EKonXTdUJox0QBp4KNU61Is5DQIemzpqE+kUy34+klY3xilC7uBco8H/BUXU7ERGo9kp6ZlAQG+rc3Ef/ymhH0Cu2Y+2EEzKezRb1IYAjwpBbc5YpRECNDCFXc/BXTAVGEgikvZUpY3P4/qZ3brmO7N9lM+WJeRxIdoWN0ilyUR2V0jSqoiih6QE/oBb1aj9az9Wa9z0YT1jxziH7A+vgGobqZEA==</latexit>



Video: Dan Harris & John Bush

Droplets Walking on a Free Surface

V
x

. 1.5 cm/s
<latexit sha1_base64="Hca/hntmUrWeSB7RNVKI18B1rh0=">AAACBnicdVA9SwNBEN3zM8avqKUIi0GwkPNO1MQuaGOpYBIhF8LeZqJLdu+O3TkxHKls/Cs2ForY+hvs/DduYggq+mDg8d4MM/PCRAqDnvfhTExOTc/M5uby8wuLS8uFldWaiVPNocpjGevLkBmQIoIqCpRwmWhgKpRQD7snA79+A9qIOLrAXgJNxa4i0RGcoZVahY1a65YGEowxQlHfPQh2AoRbzLjaNf1Woei5pZJXPixbzxuCeu5R6XC/fDRWimSEs1bhPWjHPFUQIZfMmIbvJdjMmEbBJfTzQWogYbzLrqBhacQUmGY2fKNPt6zSpp1Y24qQDtXvExlTxvRUaDsVw2vz2xuIf3mNFDvlZiaiJEWI+NeiTiopxnSQCW0LDRxlzxLGtbC3Un7NNONok8vbEMa//09qe67vuf75frFyPIojR9bJJtkmPimRCjklZ6RKOLkjD+SJPDv3zqPz4rx+tU44o5k18gPO2yeKoJiN</latexit><latexit sha1_base64="Hca/hntmUrWeSB7RNVKI18B1rh0=">AAACBnicdVA9SwNBEN3zM8avqKUIi0GwkPNO1MQuaGOpYBIhF8LeZqJLdu+O3TkxHKls/Cs2ForY+hvs/DduYggq+mDg8d4MM/PCRAqDnvfhTExOTc/M5uby8wuLS8uFldWaiVPNocpjGevLkBmQIoIqCpRwmWhgKpRQD7snA79+A9qIOLrAXgJNxa4i0RGcoZVahY1a65YGEowxQlHfPQh2AoRbzLjaNf1Woei5pZJXPixbzxuCeu5R6XC/fDRWimSEs1bhPWjHPFUQIZfMmIbvJdjMmEbBJfTzQWogYbzLrqBhacQUmGY2fKNPt6zSpp1Y24qQDtXvExlTxvRUaDsVw2vz2xuIf3mNFDvlZiaiJEWI+NeiTiopxnSQCW0LDRxlzxLGtbC3Un7NNONok8vbEMa//09qe67vuf75frFyPIojR9bJJtkmPimRCjklZ6RKOLkjD+SJPDv3zqPz4rx+tU44o5k18gPO2yeKoJiN</latexit><latexit sha1_base64="Hca/hntmUrWeSB7RNVKI18B1rh0=">AAACBnicdVA9SwNBEN3zM8avqKUIi0GwkPNO1MQuaGOpYBIhF8LeZqJLdu+O3TkxHKls/Cs2ForY+hvs/DduYggq+mDg8d4MM/PCRAqDnvfhTExOTc/M5uby8wuLS8uFldWaiVPNocpjGevLkBmQIoIqCpRwmWhgKpRQD7snA79+A9qIOLrAXgJNxa4i0RGcoZVahY1a65YGEowxQlHfPQh2AoRbzLjaNf1Woei5pZJXPixbzxuCeu5R6XC/fDRWimSEs1bhPWjHPFUQIZfMmIbvJdjMmEbBJfTzQWogYbzLrqBhacQUmGY2fKNPt6zSpp1Y24qQDtXvExlTxvRUaDsVw2vz2xuIf3mNFDvlZiaiJEWI+NeiTiopxnSQCW0LDRxlzxLGtbC3Un7NNONok8vbEMa//09qe67vuf75frFyPIojR9bJJtkmPimRCjklZ6RKOLkjD+SJPDv3zqPz4rx+tU44o5k18gPO2yeKoJiN</latexit><latexit sha1_base64="Hca/hntmUrWeSB7RNVKI18B1rh0=">AAACBnicdVA9SwNBEN3zM8avqKUIi0GwkPNO1MQuaGOpYBIhF8LeZqJLdu+O3TkxHKls/Cs2ForY+hvs/DduYggq+mDg8d4MM/PCRAqDnvfhTExOTc/M5uby8wuLS8uFldWaiVPNocpjGevLkBmQIoIqCpRwmWhgKpRQD7snA79+A9qIOLrAXgJNxa4i0RGcoZVahY1a65YGEowxQlHfPQh2AoRbzLjaNf1Woei5pZJXPixbzxuCeu5R6XC/fDRWimSEs1bhPWjHPFUQIZfMmIbvJdjMmEbBJfTzQWogYbzLrqBhacQUmGY2fKNPt6zSpp1Y24qQDtXvExlTxvRUaDsVw2vz2xuIf3mNFDvlZiaiJEWI+NeiTiopxnSQCW0LDRxlzxLGtbC3Un7NNONok8vbEMa//09qe67vuf75frFyPIojR9bJJtkmPimRCjklZ6RKOLkjD+SJPDv3zqPz4rx+tU44o5k18gPO2yeKoJiN</latexit>

WalkerVz ⇡ 10 cm/s
<latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit><latexit sha1_base64="DTMCvb5neGdyuyU7U3bqRG/E110=">AAACBHicdVDJSgNBEO1xjXEb9ZhLYxA8yNgjIcst6MVjBLNAJoSeTkcbexa6ayRxyMGLv+LFgyJe/Qhv/o2dhaCiDwoe71VRVc+PpdBAyKe1sLi0vLKaWcuub2xubds7uw0dJYrxOotkpFo+1VyKkNdBgOStWHEa+JI3/Zuzsd+85UqLKLyEYcw7Ab0KRV8wCkbq2rlG9w57NI5VNMAu8Y484ANIWXCsR107T5xSiZSLZew6ZAJMnEqpWChX5koezVDr2h9eL2JJwENgkmrddkkMnZQqEEzyUdZLNI8pu6FXvG1oSAOuO+nkiRE+MEoP9yNlKgQ8Ub9PpDTQehj4pjOgcK1/e2PxL6+dQL/cSUUYJ8BDNl3UTySGCI8TwT2hOAM5NIQyJcytmF1TRRmY3LImhPnv/5PGieMSx70o5KunszgyKIf20SFyUQlV0TmqoTpi6B49omf0Yj1YT9ar9TZtXbBmM3voB6z3L0kAl+I=</latexit>

� ⇡ 5mm
<latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit><latexit sha1_base64="gyfj7mg9xpNj6bV9Zbs9zEzV82M=">AAACBHicdVDLSgMxFM34rPVVddlNsAguZJiR2seu6MZlBfuATimZNG1Dk5khuSMtQxdu/BU3LhRx60e4829MHxQVPRA4nHMuN/f4keAaHOfTWlldW9/YTG2lt3d29/YzB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7wauo37pjSPAxuYRyxtiT9gPc4JWCkTibrCRPuEo9EkQpH+MI784CNIJFy0snkHLtYdEqFEnZtZwbs2OViIV8qL5UcWqDayXx43ZDGkgVABdG65ToRtBOigFPBJmkv1iwidEj6rGVoQCTT7WR2xASfGKWLe6EyLwA8U79PJERqPZa+SUoCA/3bm4p/ea0YeqV2woMoBhbQ+aJeLDCEeNoI7nLFKIixIYQqbv6K6YAoQsH0ljYlLG//n9TPbdex3Zt8rnK5qCOFsugYnSIXFVEFXaMqqiGK7tEjekYv1oP1ZL1ab/PoirWYOUI/YL1/AVShmIw=</latexit>

0.4mm < D < 1mm
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Millimetric droplets may be levitated on the surface of a vibrating fluid bath. Eddi et al. [Europhys.
Lett. 82, 44001 (2008)] demonstrated that when a pair of levitating drops of unequal size are placed
nearby, they interact through their common wavefield in such a way as to self-propel through a ratch-
eting mechanism. We present the results of an integrated experimental and theoretical investigation
of such ratcheting pairs. Particular attention is given to characterizing the dependence of the ratchet-
ing behavior on the droplet sizes and vibrational acceleration. Our experiments demonstrate that the
quantized inter-drop distances of a ratcheting pair depend on the vibrational acceleration, and that
as this acceleration is increased progressively, the direction of the ratcheting motion may reverse up
to four times. Our simulations highlight the critical role of both the vertical bouncing dynamics of
the individual drops and the traveling wave fronts generated during impact on the ratcheting motion,
allowing us to rationalize the majority of our experimental findings. Published by AIP Publishing.
https://doi.org/10.1063/1.5032116

We consider droplet pairs of unequal size bouncing on
the surface of a vibrating bath. As originally reported by
Eddi et al.,1 when the pair is sufficiently close, the asym-
metry in the wavefield along their line of centers causes
them to propagate through a ratcheting mechanism. We
report the results of a combined experimental and theoret-
ical investigation of ratcheting pairs of bouncing droplets.
Particular attention is given to rationalizing the rever-
sals in directions observed as the vibrational forcing is
increased progressively. Our study highlights the short-
comings of the stroboscopic models of bouncing droplets in
situations where the vertical bouncing dynamics are vari-
able and droplets interact through the propagating wave
fronts generated during impact.

I. INTRODUCTION

Coalescence of a millimetric droplet with an underly-
ing bath of the same fluid can be avoided by vibrating the
bath vertically2 with acceleration γ sin ωt, provided the vibra-
tional frequency, ω, is comparable to the natural oscillation
frequency of the drop, ωd ∼

√
σ/ρR3, where σ , ρ, and R

denote, respectively, the surface tension, density, and radius
of the drop. As the droplet bounces on the free surface, it
interacts with waves triggered by its previous impacts. For
a drop of a given size, there is a critical vibrational acceler-
ation γB, the bouncing threshold, below which it coalesces
and above which it bounces. The bouncing mode depends
on γ , and is characterized by the ordered pair (m, n): in the
(m, n) mode, the drop bounces n times in m periods of the
bath oscillation. For γ just above γB, the drop bounces in
place with the same frequency as the driving in the (1, 1)

mode. As γ is further increased, the bouncing mode changes

a)C.A.Galeano.Rios@bath.ac.uk
b)couchman@mit.edu
c)bush@math.mit.edu

according to a sequence that depends on drop size, which may
include (2, 2), (4, 4), or (4, 3) modes.3–6 Eventually, once the
drop’s bouncing amplitude is sufficiently large, it bounces at
twice the period of the driving, in the (2,1) mode. The drop
then achieves resonance with the most unstable wave mode
of the bath, namely, the subharmonic Faraday waves excited
by its impact. Consequently, this period-doubling transition
is accompanied by a dramatic increase in the amplitude of the
droplet’s wavefield.2 Further increasing γ beyond the walking
threshold, γW , may serve to destabilize the resonant bouncer
into a dynamic state, the so-called walker, in which the droplet
self-propels by virtue of a resonant interaction with its own
wavefield.7 Increasing γ beyond the Faraday threshold, γF ,
prompts the emergence of a standing field of subharmonic
Faraday waves throughout the bath. The Faraday wavelength,
λF , is calculated by Kumar8 for a viscous fluid, and for a
weakly viscous fluid is well approximated by the standard
water-wave dispersion relation.

Eddi et al.1 demonstrated that bouncing droplet pairs of
unequal size may self-propel through a ratcheting motion.
Notably, this ratcheting motion arises below the walking
threshold of the individual droplets, and so is due exclusively
to the wave-mediated droplet interaction. They demonstrated
that as γ is increased progressively, the direction of motion
of the ratcheting pairs along their line of centers may reverse
twice, and argued that these reversals in direction were due
to changes in the vertical bouncing modes of the individual
drops. Specifically, at the lowest memory at which ratcheting
occurs, they found that both drops are in the (1,1) mode, and
the large drop follows the smaller drop. As γ was increased
beyond the threshold at which the small drop period-doubles
into a (2,2) mode, they found that the smaller drop then fol-
lows the larger one. Finally, upon further increasing γ , so that
the larger drop also enters the (2,2) mode, they found that the
large drop once again follows the small, but at a separation
distance larger than that arising for (1,1) bouncers. By explor-
ing a broader parameter regime, we demonstrate here that up
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