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Assumptions on the solid:

Vertical side-walls

Only vertical motion

The contact line Γ does not depend on time
ñ One free boundary problem: surface elevation ζpt,Xq
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Equations in the fluid domain Ωptq for U:

BtU`U ¨∇X,zU “ ´
1

ρ
∇X,zP ´ gez in Ωt (1)

div U “ 0 (2)

curl U “ 0 (3)

Boundary conditions at the surface and the bottom:

z “ ζ, Btζ ´U ¨N “ 0 with N “

˜

´∇ζ
1

¸

(4)

z “ ´h0, U ¨ ez “ 0 (5)

Pressure in E :
P e “ Patm (6)

Constraint in I:
ζipt,Xq “ ζwpt,Xq (7)

Jump at Γ:
ζept, ¨q ‰ ζipt, ¨q (8)

P ipt, ¨q “ Patm ` ρgpζe ´ ζiq ` PNH (9)

Continuity of the normal velocity at the vertical walls:

V ¨ ν “ VC ¨ ν (10)
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Shallow water approximation

Regime: the wavelength L is larger than the depth h0, i.e. µ “
h0

2

L2
! 1

Nonlinear shallow water equations

At precision Opµq, h and Q “
şζ
´h0

V dz solve

$

’

&

’

%

Bthe `∇ ¨Qe “ 0

BtQe `∇ ¨ p 1
he
Qe bQeq ` ghe∇he “ ´he

ρ ∇P e “ 0

P e “ Patm

in E

$

’

&

’

%

Bthi `∇ ¨Qi “ 0

BtQi `∇ ¨ p 1
hi
Qi bQiq ` ghi∇hi “ ´hi

ρ ∇P i
hi “ hw

in I

B.C. at Γ : P i|Γ “ Patm ` ρgpζe ´ ζiq|Γ ` Pcor, Qe ¨ ν|Γ “ Qi ¨ ν|Γ .
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Axisymmetric case

Cylindrical coordinates:
U “ Upt, r, θ, zq, U “ pur, uθ, uzq ùñ Q “ Qpt, r, θq, Q “ pqr, qθq

ζw(t, r)
h(t, r)

z

ζ(t, r)

R r > R

ζe

ζi

Ω(t)

Rr > Rz = −h0 r < R

We assume that the flow is axisymmetric without swirl, which means that
the flow has no dependence on the angular variable θ and uθ “ 0.

ùñ Qpt, rq “ pqr, 0q
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Nonlinear shallow water equations

$

’

&

’

%

Bthe `∇ ¨Qe “ 0

BtQe `∇ ¨ p 1
he
Qe bQeq ` ghe∇he “ ´he

ρ ∇P e “ 0

P e “ Patm

in E

$

’

&

’

%

Bthi `∇ ¨Qi “ 0

BtQi `∇ ¨ p 1
hi
Qi bQiq ` ghi∇hi “ ´hi

ρ ∇P i
hi “ hw

in I

B.C.

#

P i|Γ “ Patm ` ρgpζe ´ ζiq|Γ ` Pcor,

Qe ¨ ν|Γ “ Qi ¨ ν|Γ .
at Γ

ù Pressure eq: ´∇ ¨ phwρ ∇P iq “ ´B2t hw ` ...
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Axisymmetric nonlinear shallow water equations
$
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’

’

&

’

’

’

%

Bthe ` Brqe `
qe
r
“ 0,

Btqe ` Br

ˆ

q2e
he

˙

`
q2e
rhe

` gheBrhe “ 0,

P e “ Patm

in pR,`8q

$

’

’

’

&

’

’

’

%

Bthi ` Brqi `
qi
r
“ 0,

Btqi ` Br

ˆ

q2i
hi

˙

`
q2i
rhi

` ghiBrhi “ ´
hi
ρ
BrP i,

hi “ hw

in p0, Rq

B.C.

#

P i “ Patm ` ρgpζe ´ ζiq ` Pcor,

qe “ qi.
at r “ R

ù Pcor „ qi
2
|r“R

ˆ

1

h2e
´

1

h2i

˙

|r“R

makes the system conservative.
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Solid motion

Solid: Gptq “ p0, 0, zGptqq, UGptq “ p0, 0, 9zGptqq, ω “ 0

Define the displacement δGptq :“ zGptq ´ zG,eq

From the assumptions on the solid: hwpt, rq “ hw,eqprq ` δGptq

By the interior constraint hw “ hi we have also

qipt, rq “ ´
r

2
9δGptq

Newton’s law for the conservation of the linear momentum

m:δG “ ´mg `

ż R

0
pP i ´ Patmq

Using the elliptic equation on P i

pm`mapδGqq:δGptq “ ´cδGptq ` cζept, Rq `

ˆ

b

h2ept, Rq
` βpδGq

˙

9δ2Gptq
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Writing u “ phe, qeq:

Fluid part (Hyperbolic IBVP)
$

’

’

&

’

’

%

Btu`ApuqBru`Bpu, rqu “ 0, r P pR,`8q

e2 ¨ u|r“R
“ ´

R

2
9δGptq,

upt “ 0q “ u0.

(11)

Solid part (Nonlinear ODE)
$

’

&

’

%

pm`mapδGqq:δG “ ´cδG ` cpe1 ¨ u|r“R
´ h0q ` pbpuq ` βpδGqq 9δ2G,

δGp0q “ δ0,
9δGp0q “ δ1.

(12)

Theorem (E.B. ’18)

Local well-posedness of the coupled system (11) - (12) for regular enough
compatible initial data u0, δ0, δ1
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Return to equilibrium

It consists in dropping the solid with no initial velocity from a
non-equilibrium position into a fluid initially at rest.

Initial data
Solid: δGp0q “ δ0 ‰ 0, 9δGp0q “ 0
Fluid: hep0, rq ” h0, ζep0, rq ” 0, qep0, rq ” 0

ñ Compatibility conditions are NOT satisfied

Different approach:

linearized equations in the exterior domain

nonlinear equations in the interior domain

Edoardo Bocchi (IMB, Bordeaux) HyWec2 Bordeaux, 18 June, 2019 9 / 16



Return to equilibrium

It consists in dropping the solid with no initial velocity from a
non-equilibrium position into a fluid initially at rest.

Initial data
Solid: δGp0q “ δ0 ‰ 0, 9δGp0q “ 0
Fluid: hep0, rq ” h0, ζep0, rq ” 0, qep0, rq ” 0
ñ Compatibility conditions are NOT satisfied

Different approach:

linearized equations in the exterior domain

nonlinear equations in the interior domain

Edoardo Bocchi (IMB, Bordeaux) HyWec2 Bordeaux, 18 June, 2019 9 / 16



Hydrodynamical linear-nonlinear model (L-NL)

r P pR,`8q
$

&

%

Btζe ` Brqe `
qe
r
“ 0

Btqe ` gh0Brζe “ 0

r P p0, Rq

$

’

’

&

’

’

%

Bthi ` Brqi `
qi
r
“ 0

Btqi ` Br

ˆ

q2i
hi

˙

`
q2i
rhi

` ghiBrhi “ ´
hi
ρ
BrP i

r “ R

qe|r“R
“ ´

R

2
9δGptq, P i|r“R

“ Patm ` ρgpζe ´ ζiq|r“R
` Pcor
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Focus on the solid equation

pm`mapδGqq:δGptq “ ´cδGptq ` cζept, Rq `

ˆ

b

h2ept, Rq
` βpδGq

˙

9δ2Gptq

Exterior problem:
$

&

%

Btζe ` Brqe `
qe
r
“ 0

Btqe ` v
2
0Brζe “ 0,

B.C. qe|r“R
“ ´

R

2
9δGptq.

Linear wave equation
Bttζe ´ v

2
0∆rζe “ 0

Helmholtz equation with complex coefficients (L Laplace tranform):
$

’

’

&

’

’

%

s2Lpζeq ´ v20∆rLpζeq “ 0.

BrLpζeq|r“R
“
sR

2v20
Lp 9δGqpsq

` no incoming waves (13)
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Theorem (E. B. ’19)

Considering the linear-nonlinear hydrodynamical model (L-NL), the solid
motion is governed by

pm`mapδGqq:δG “´ cδG ´ ν 9δG

` c

ż t

0
F psq 9δGpt´ sqds`

´

bp 9δGq ` βpδGq
¯

9δ2G ,

(14)
The Cauchy problem for (14) with δ0 ‰ 0 and δ1 “ 0 admits a unique
solution δG P C

2pr0,`8q,Rq provided some admissibility condition on the
initial datum δ0. Moreover there exist M ě 1, ω ą 0 and ε ą 0

|δGptq|
2 ` | 9δGptq|

2 ďMe´ωt|δ0|
2 @t ě 0 (15)

for |δ0| ď ε.

Remark

The impulse response function F is (numerically) exponentially decreasing!
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Linearizing (14) around the equilibrium state, we get

pm`map0qq :δGptq “ ´cδGptq ´ ν 9δGptq ` c

ż t

0
F pt´ sq 9δGpsqds (16)

which is a Cummins-type equation for the vertical motion.

Cummins equation1 for the heave

pm` a8q :δGptq “ ´c pδGptq ` zG,eqq ´

ż t

0
Kpτq 9δGpt´ τqdτ, (17)

is implemented in naval architecture and hydrodynamical engineering.

1Cummins, W.E., The Impulse Response Function and Ship Motions, Navy
Department, David Taylor Model Basin, 1962.
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Numerical results

h0 “ 15 m, R “ 10 m, H “ 10 m, ρ “ 1000 kg{m3, ρm “ 0.5 ρ.

0 1 2 3 4 5 6 7 8 9 10
-4

-3

-2

-1

0

1

2

3

4

5

Figure: Time evolution of δG given by the nonlinear integro-differential (14) (full)
and by the linear Cummins equation (16) (dash) for δ0 “ 1 m and δ0 “ 5 m.
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Summary

We do take into account nonlinear terms

Validation of the shallow water approach to the floating body
problem: several experimental data with an axisymmetric geometry

Validation and improvement of the Cummins equation

Perspectives

Add horizontal motion and rotation: evolution of the contact line +
no axisymmetric flow (Iguchi-Lannes ’18 in 1d)

Study the nonlinear-nonlinear system for the decay test
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THANK YOU FOR THE ATTENTION!
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